We consider an electric charge, minimally coupled to the Maxwell field, rotating around a Schwarzschild black hole. We investigate how much of the radiation emitted from the swirling charge is absorbed by the black hole and show that most of the photons escape to infinity. For this purpose we use the Gupta-Bleuler quantization of the electromagnetic field in the modified Feynman gauge developed in the context of quantum field theory in Schwarzschild spacetime. We obtain that the two photon polarizations contribute quite differently to the emitted power. In addition, we discuss the accurateness of the results obtained in a full general relativistic approach in comparison with the ones obtained when the electric charge is assumed to be orbiting a massive object due to a Newtonian force.
I. INTRODUCTION
Much effort has been devoted to confirm the presence of black holes in x-ray binary systems [1] as well as in galactic centers [2] . The analysis of the radiation emitted from accretion disks swirling around black hole candidates may play a crucial role in the experimental confirmation of the existence of event horizons (see, e.g., Ref. [3] ). It is interesting, thus, to compute the amount of the emitted radiation which is able to reach asymptotic observers rather than be absorbed by the hole. In a recent work, Higuchi and two of the authors analyzed the radiation emitted by a scalar source rotating around a Schwarzschild black hole [4] . In the present work we study the more realistic case where the scalar source is replaced by an electric charge. In order to capture the full influence of the spacetime curvature on the emitted radiation, we work in the context of quantum field theory in Schwarzschild spacetime (for a comprehensive account on quantum field theory in curved spacetimes see, e.g., Ref. [5] ). Because of the difficulty to express the solution of some differential equations which we deal with in terms of known special functions (see e.g. Ref. [6] for a discussion on this issue) our computations are performed (i) numerically but without further approximations and (ii) analytically but restricted to the low-frequency regime (in which case the radial part of the normal modes can be written in terms of Legendre functions [7] ).
We organize the paper as follows. In Sec. II we review the Gupta-Bleuler quantization of the electromagnetic field in a modified Feynman gauge in the spacetime of a static chargeless black hole [8] . We compute the radiated power from an electric charge swirling around a Schwarzschild black hole in Sec. III. In Sec. IV we compare this result with the one obtained considering the charge as orbiting a Newtonian object in flat spacetime. Finally we use the previous results to compute in Sec. V what is the amount of the emitted radiation which is able to reach asymptotic observers. Our final remarks are made in Sec. VI. We assume natural units h c G 1 and metric signature ÿ ÿ ÿ.
II. QUANTIZATION OF THE ELECTROMAGNETIC FIELD IN SCHWARZSCHILD SPACETIME
In this section we review the quantization of the massless vector field in Schwarzschild spacetime following closely Ref. [8] . We write the line element of a static chargeless black hole as
where fr 1 ÿ 2M=r. We then consider a massless vector field in this geometry with classical action given by
where the Lagrangian density in the modified Feynman gauge is
The corresponding Euler-Lagrange equations are, thus,
which can be cast in the form The index " stands for the four different polarizations. The pure gauge modes, " G, are the ones which satisfy the gauge condition G 0 and can be written as A Gn!lm r , where is a scalar field. The physical modes, " I; II, satisfy the gauge condition and are not pure gauge. The nonphysical modes, " NP, do not satisfy the gauge condition. The modes incoming from the past null infinity J ÿ are denoted by n and the modes incoming from the past event horizon H ÿ are denoted by n ! . The l and m are the angular momentum quantum numbers.
The physical modes can be written as with l 1 (since the gauge condition G 0 is not satisfied for l 0). The radial part of the physical modes satisfies the differential equation
where I; II and
is the Schwarzschild scattering potential (see solid line in Fig. 1 with l 0, where
and '
Since we are working in a spherical polar basis (which is the natural one to be used in the spacetime of a static black hole), the connection between our modes and the usual ones derived in flat spacetime using Cartesian coordinates is not straightforward, in general. Notwithstanding, let us emphasize some of their properties, which will allow us further to add some extra physical interpretation to our ) for even and odd l m, respectively. Thus, far away from the black hole, the physical modes I (II) lead to an electric field at the plane =2 oscillating along the direction @=@ and @=@ for even (odd) and odd (even) l m, respectively.
The conjugate momenta associated with the field modes are defined by
where i represents "; n; !; l; m. By writing the conserved current
where the overline denotes complex conjugation, we normalize the field modes through the generalized KleinGordon inner product [10] defined by
, where d 3 is the invariant 3-volume element of the Cauchy surface and n is the future pointing unit vector orthogonal to . The modes are then normalized such that
where the matrix M "" 0 is given by
with " I; II; G; NP.
In order to quantize the electromagnetic field, we demand the equal time commutation relations Â x; t;Â x 0 ; t t x; t; t x 0 ; t 0; (2.21)
The electromagnetic field operator can be expanded in terms of the normal modes aŝ A X ";n;l;m
whereâ i andâ y i are the annihilation and creation operators, respectively, satisfying
The Fock space of the physical states jPSi is obtained by imposing the Gupta-Bleuler condition [11] . In our case, this corresponds to imposê 
The creation operators associated with pure gauge modes take physical states into nonphysical ones. Moreover physical states of the formâ y NPn!lm jPSi have zero norm. Therefore we can take as the representative elements of the Fock space those states obtained by applying the creation operators associated with the two physical modes to the Boulware vacuum. For this reason we will be concerned only with the two physical modes, I; II, in the rest of the paper. (A more detailed discussion of the GuptaBleuler quantization of the electromagnetic field in spherically symmetric and static spacetimes can be found in Ref. [8] .)
The solutions of Eq. (2.11) are functions whose properties are not well known. (See Ref. [6] for some properties.) We can, however, obtain their analytic form (i) in the asymptotic regions for any frequency and (ii) everywhere if we keep restricted to the low-frequency regime. In order to study the asymptotic behavior of the physical modes we use the Wheeler coordinate x r 2M lnr=2M ÿ 1 and rewrite Eq. (2.11) as
Since the Schwarzschild potential (2.12) vanishes for r 2M and decreases as 1=r 2 for r 2M (see Fig. 1 ), the solutions of Eq. (2.28) can be approximated in the asymptotic regions by
where r' ! !l r and r' !l r are solutions incoming from H ÿ and J ÿ , respectively. Here h 1 l x is a spherical Bessel function of the third kind [13] , B n !l are normalization constants, and jR n !l j 2 andjT n !l j 2 are the reflexion and transmission coefficients, respectively, satisfying the usual probability conservation equation jR n !l j 2 jT n !l j 2 1. Using the generalized Klein-Gordon inner product defined above we obtain
Let us now find the analytic expressions of the physical modes in the low-frequency approximation. For this purpose we rewrite Eq. (2.11) as
where z r=M ÿ 1. In the low-frequency regime, we write the two independent solutions of Eq. (2.33) for l 1 as
where P l z and Q l z are Legendre functions of the first and second kind [7] , respectively, and C n !l are normalization constants. We note that since P l z z l and Q l z z ÿlÿ1 for z 1 and P l z 1 and Q l z ÿ log z ÿ 1 p for z 1, we obtain from Eqs. 
and
III. ROTATING CHARGE IN SCHWARZSCHILD SPACETIME
Now let us consider an electric charge with =2, r R S and angular velocity d=dt const > 0 (as defined by asymptotic static observers), in uniform circular motion around a Schwarzschild black hole, described by the current density
Here q is the coupling constant and
is the charge's 4-velocity. We note that j S is conserved, r j S 0, and thus R d 3 j S x q for any Cauchy surface .
Next let us minimally couple the charge to the field through the actionŜ
Then the emission amplitude at the tree level of one photon with polarization " and quantum numbers n; !; l; m into the Boulware vacuum is given by
It can be shown that A "n!lm / ! ÿ m. This implies that only photons with frequency ! 0 m are emitted once the charge has some fixed const. One can also verify that the pure gauge and nonphysical modes have vanishing emission amplitudes. This is so for the pure gauge modes because r j S 0 and for the nonphysical modes because they have zero norm.
The total emitted power is
where T 20 is the total time as measured by the asymptotic static observers. Using now Eqs. (2.9), (2.10), (3.1), and (3.2) we rewrite Eq. (3.5) as
(3.8)
Let us now relate the radial coordinate R S of the rotating charge with its angular velocity . According to general relativity for a stable circular orbit around a Schwarzschild black hole we have [14] R S M= 2 1=3 : (3.9)
We use this relation to compute numerically the emitted power given by Eqs. (3.6), (3.7), and (3.8) as a function of . The numerical method used here is analogous to the one described in Ref. [4] . The result is plotted as the solid line in Fig. 2 . The main contribution to the total emitted power comes from modes with angular momentum l m 1.
As a general rule, (i) the smaller l is (l 1), the larger is the contribution to the total radiated power, and (ii) for a fixed value of l, the larger m is, the larger is the contribution to the total radiated power. Performing the summation up to l 6 in Eq. (3.6), modes with l m 1 give almost all the contribution in the asymptotic region, while they contribute with about 65% at R S 6M (the innermost stable circular orbit according to general relativity). In this case, the modes with l 6 contribute with less than 0.3% of the total radiated power for any position of the rotating charge.
It is interesting to note that the magnitude of the total radiated power in the electromagnetic case is approximately twice the numerical result found previously for a scalar source coupled to a massless Klein-Gordon field [4] . In principle, this is not surprising because of the fact that photons have two physical polarizations. Notwithstanding, it should be emphasized that the two polarizations contribute quite differently to the emitted power. For our rotating charge, the contribution from mode II is negligible when compared with the one from mode I. Considering angular momentum contributions up to l 6, the ratio between the emitted power associated with modes II and I is always less than 0.1%. In order to get a feeling about it, we first recall that although the physical modes I have a nonvanishing radial component in contrast to the physical modes II, our current is such that j r 0. Next, we use our low-frequency expressions for the physical modes, Eqs. (2.34), (2.35), (2.36), (2.37), (2.38) , and (2.39) [and Eq. (3.9)], in Eqs. (3.6), (3.7), and (3.8) to obtain an analytic approximation for the emitted power. The result is plotted as the dashed line in Fig. 2 . We see from it that the numerical and analytical results differ sensibly as the charge approaches the black hole but coincide asymptotically, since far away from the hole only lowfrequency modes contribute to the emitted power.
IV. COMPARISON WITH FLAT SPACETIME RESULTS
In order to exhibit how better a full curved spacetime calculation can be in comparison with a flat spacetime one, let us show how the results found in the previous session differ from the ones obtained in Minkowski spacetime. In the latter case, the rotating charge is represented by the conserved current density
This is formally identical to Eq. (3.1) but it is important to keep in mind that R S and R M are associated with Schwarzschild and Minkowski radial coordinates, respectively, which cannot be identified. The charge is regarded now as moving in a circular orbit due to a Newtonian gravitational force around a central object with the same mass M as the black hole. In order to relate the radial coordinate R M with the angular velocity (which is assumed to be measured by the same asymptotic static observers as before), we use the Keplerian relation: R M M 1=3 ÿ2=3 . The quantization of the electromagnetic field can be performed analogously to the procedure exhibited in Sec. II by making f 1. As a consequence, the scattering potential V S in Eq. (2.12) is replaced by V M ll 1=r 2 . In Fig. 1 we plot the Minkowski scattering potential for l 1 (see dashed line).
Assuming the same minimal coupling between the charge and the electromagnetic field as before, we obtain that the emitted power at the tree level is given by
The modes responsible for the dominant contributions to the radiated power follow the same pattern as in the Schwarzschild case. In particular, the contribution from the physical modes II is negligible when compared with the contribution from the physical modes I. As a consistency check for the flat spacetime results, we compare our quantum-oriented calculations with classicaloriented ones which lead to the Larmor formula for the total emitted power. Applying it to the case of a Keplerian circular orbit, we obtain
with M 1 ÿ M 2=3 2=3 ÿ1=2 : In Fig. 3 Fig. 4 obtained from our numerical computations (solid line) and from our low-frequency analytic approximation (dashed line). In both cases the ratio tends to the unity as the charge rotates far away from the attractive center, as a consequence of the fact that the Schwarzschild spacetime is asymptotically flat. As the rotating charge approaches the central object, curved and flat spacetime results differ more significantly. In the innermost relativistic stable circular orbit, the numerical computation gives that W S is 30% smaller than W M . We   FIG. 3 . The ratio W M =W C is plotted as a function of considering an increasing number of contributions of the angular momentum l. We perform the summation from l 1 up to l l max with l max varying from 1 to 6. We see that W M rapidly approaches the value of W C as we increase l max . We also verify that it is important to consider large angular momentum contributions as the charge approaches the central object.
VI. FINAL REMARKS
In this paper we have considered the radiation emitted by an electric charge rotating around a chargeless static black hole in the context of quantum field theory in curved spacetimes. We have obtained that the two physical photon polarizations give very different contributions to the total emitted power. Indeed, the contribution of one of the physical modes is negligible as compared with the other one. As a consistency check of our procedure we have computed, using a similar approach, the emitted power from a charge in Minkowski spacetime rotating around a massive object due to a Newtonian force and showed that this is in agreement with Larmor's classical result. Then we compared the radiation emitted (as measured by asymptotic static observers) considering the attractive central object with mass M as (i) a Schwarzschild black hole and (ii) a Newtonian massive object in flat spacetime. We have obtained that curved and flat spacetime results coincide when the charge orbits far away from the massive object but differ considerably when the charge orbits close to it. The difference reaches 30% for the innermost stable circular orbit. This result corroborates the importance of considering the curvature of the spacetime in astrophysical phenomena occurring in the vicinity of black holes when they involve particles with wavelengths of the order of the event horizon radius. Finally, we have computed the amount of the emitted radiation which is absorbed by the black hole. We have shown that most of the emitted radiation can be asymptotically observed. For the case of the innermost stable circular orbit at R S 6M, about 97% of the emitted power can be in principle detected at infinity. 
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